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Have you ever wondered about the mysteries behind the partial regularity theory
proposed by Caffarelli, Kohn, and Nirenberg? This groundbreaking theory has
revolutionized the field of mathematics and has provided deep insights into the
behavior of certain partial differential equations. In this article, we will delve into
the intricacies of this theory and understand its significance in the mathematical
world.

In the realm of partial differential equations, understanding the regularity of
solutions is of utmost importance. The partial regularity theory proposed by
Caffarelli, Kohn, and Nirenberg aims to address this issue by investigating the
regularity of the minimal smoothness of solutions to certain partial differential
equations.

The Mathematics Behind the Theory

At its core, the partial regularity theory deals with elliptic and parabolic partial
differential equations. These equations find numerous applications in various
scientific fields such as fluid mechanics, electrostatics, and mathematical biology.
However, solving these equations and understanding the behavior of their
solutions can be highly challenging due to their complex nature.
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The theory builds upon the existing regularity theory and extends it to encompass
a broader class of equations. One of the key insights provided by Caffarelli, Kohn,
and Nirenberg is the understanding that certain equations possess hidden
symmetries that allow for the derivation of partial regularity properties.

Key Results and Implications

The partial regularity theory has resulted in several key results that have
significantly advanced our understanding of partial differential equations. One of
the most notable contributions is the concept of Harnack inequalities. These
inequalities provide a measure of the growth of solutions and have been
extensively used in the analysis of nonlinear elliptic and parabolic equations.

Moreover, the theory has also shed light on the behavior of solutions in relation to
their singular sets. Singular sets are the points where solutions may exhibit
irregular behavior or lack smoothness. The partial regularity theory has revealed
that these singular sets possess geometric structures that can be characterized,
leading to a better understanding of the regularity properties of solutions.

Applications and Future Directions
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The findings of Caffarelli, Kohn, and Nirenberg's partial regularity theory have had
a profound impact on various branches of mathematics. Engineers and scientists
use the theory to study the behavior of physical phenomena governed by partial
differential equations. In addition, the theory has also influenced the development
of numerical methods for solving these equations, leading to more efficient and
accurate computational techniques.

Despite the significant progress made, there are still many open questions and
avenues for further research in the field of partial regularity theory. Researchers
are actively exploring the behavior of solutions to fully nonlinear equations and
investigating the regularity properties of solutions in the context of other
geometric and functional frameworks.

The partial regularity theory proposed by Caffarelli, Kohn, and Nirenberg has
undoubtedly transformed the field of mathematics. Through their groundbreaking
insights, they have enhanced our understanding of the regularity properties of
solutions to certain partial differential equations. The theory's impact extends to
various scientific disciplines and continues to inspire ongoing research in the
pursuit of unlocking the mysteries of these complex equations. As we delve
deeper into the mathematical intricacies, we unravel new possibilities and pave
the way for further advancements in the field.
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This monograph focuses on the partial regularity theorem, as developed by
Caffarelli, Kohn, and Nirenberg (CKN), and offers a proof of the upper bound on
the Hausdorff dimension of the singular set of weak solutions of the Navier-
Stokes inequality, while also providing a clear and insightful presentation of
Scheffer’s constructions showing their bound cannot be improved. A short,
complete, and self-contained proof of CKN is presented in the second chapter,
allowing the remainder of the book to be fully dedicated to a topic of central
importance: the sharpness result of Scheffer. Chapters three and four contain a
highly readable proof of this result, featuring new improvements as well.
Researchers in mathematical fluid mechanics, as well as those working in partial
differential equations more generally, will find this monograph invaluable.
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